Fluid motion driven by thermal effects, such as that due to buoyancy in differentially heated three-dimensional (3D) enclosures, arise in several natural settings and engineering applications. It is represented by the solutions of the Navier-Stokes equations (NSE) in conjunction with the thermal energy transport equation represented as a convection-diffusion equation (CDE) for the temperature field. In this study, we develop new 3D lattice Boltzmann (LB) methods based on central moments and using multiple relaxation times for the three-dimensional, fifteen velocity (D3Q15) lattice, as well as it subset, i.e. the three-dimensional, seven velocity (D3Q7) lattice to solve the 3D CDE for the temperature field in a double distribution function framework. Their collision operators lead to a cascaded structure involving higher order terms resulting in improved stability. In this approach, the fluid motion is solved by another 3D cascaded LB model from prior work. Owing to the differences in the number of collision invariants to represent the dynamics of flow and the transport of the temperature field, the structure of the collision operator for the 3D cascaded LB formulation for the CDE is found to be markedly different from that for the NSE. The new 3D cascaded (LB) models for thermal convective flows are validated for natural convection of air driven thermally on two vertically oppo- 
Introduction
The thermal energy transport equation for convective flows, represented by means of a convection-diffusion equation (CDE) for the temperature field, can be classified as a combined hyperbolic and parabolic type partial differential equation (PDE). Solution of an such equation has received considerable attention for its key role in the study of many transport phenomena arising in various thermal science and engineering applications. In addition, the CDE-type models repre- The LB method, which originated from the lattice gas automata, formally derives its basis from kinetic formulations that represent the streaming of the particle distribution functions and followed by their collisions. Here, the streaming is represented as a perfect-shift advection along lattice links, whereas the effects of collision are modeled as a relaxation process, while obeying appropriate conservation laws. The emergent continuum fluid behavior, then, arises as the averaged effect of such streaming and local collision steps. As such, the LB method, which may be characterized as a mesoscopic approach and derived as a minimal kinetic equation from the discretization of the Boltzmann equation [1] , has certain important physical and computational advantages. These include its natural ability to incorporate kinetic models for complex flows, ease of representation of boundary conditions, and inherent parallelization capabilities due to its localized computational steps facilitating efficient simulation of large problems. Naturally, the LB method has found a range of applications to a variety of complex flows, including multiphase flows, multicomponent systems, turbulence, particulate flows, thermal convective flows and microscale phenomena [2, 3, 4, 5] . More recently, further improvements to the lattice Boltzmann method (LBM) has focused on enhancing its numerical stability, accuracy as well as computational efficiency.
Based on how the collision step is modeled, both the numerical stability and accuracy are strongly influenced. A popular choice due to its simplicity is the single relaxation time (SRT) model, which represents the relaxation of the distribution functions to their equilibria at the same rate that represent the diffusive transport in fluids [6, 7] . It has been shown to be prone to numerical instability for convection-dominated flows, have some limitations in the representation of boundary conditions, and are restricted in the simulation of thermal flows at a fixed Prandtl number. Multiple relaxation time (MRT) based LBM have been developed to address the above issues encountered with the SRT models [8] . In the MRT model, different raw moments, which are weighted summations of the product of the distribution function with the particle velocity components at different orders, are relaxed at different rates. Further improvements were more recently achieved by means of considering relaxation of central moments, which are obtained by shifting the particle velocity by the fluid velocity, to their local equilibria at different rates [9] . Such a central moment based MRT scheme is referred to as the cascaded MRT LBM. It representation in terms of a generalized local equilibrium was demonstrated by [10] , construction of forcing terms and including them in 3D by [11] and a preconditioning formulation for convergence acceleration by [12] . The significant advantages of the cascaded central moment LBM was recently demonstrated by [13] .
During their early stages of development, the LB models focused on their applications to isothermal fluid flows. However, owing to numerous applications of thermal convection in fluids in natural settings and engineering, LB models for flows with heat transfer effects have also received considerable attention more recently. Generally, the following types of approaches have been considered in the LB framework for simulation of thermal convective flows: (a) Multispeed (MS) LB schemes [14, 15, 16, 17] , (b) hybrid approach (e.g. [18] ), and (c) double distribution function (DDF) based LBM [19, 20, 21] . MS-Thermal LB models are obtained by including additional discrete velocities to the distribution function and using a higher order velocity expansion of the Maxwellian for modeling the equilibrium distribution; here, a single distribution function is used to represent the evolution of both velocity and temperature fields. Such approaches have severe restrictions in numerical stability and hence results in a narrow range of temperature variation. The hybrid approach considers using a LB model for the flow field and solves the thermal energy equation by means of another numerical scheme such as the finite difference method. The DDF-LB schemes considers the evolution of two different distribution functions, which have overcome many of the limitation of other formulations, and are now widely used.
Most of the prior studies related to the development and applications of DDF-based LB models consider SRT models and generally limited to twodimensions (2D) [22, 23, 24] . The corresponding MRT based DDF-LB formulations were investigated by [25, 26, 27, 21] . For general practical applications, it is important to expand the capabilities of the LBM for thermal convective flows in 3D. However, only limited studies have so for been conducted in the literature in this regard. One of the earliest 3D LB models for heat transfer based on a passive scalar approach was presented by [28] , who performed simulations of Rayleigh-Benard convection using a SRT model. Subsequently, [29] developed a 3D SRT LBM based on DDF approach and studied natural convection in a cubic cavity. More recently, [26] presented a MRT-LBE in 3D for CDE.
Furthermore, [30, 31] and [32] employed the DDF-based LBM in 3D using the MRT formulation for certain heat transfer problems.
In our present work, we present new 3D LB formulations based on the cascaded approach using central moments within a DDF approach to represent flows with thermal transport by convection and diffusion processes. Such a collision model is constructed using a moving frame of reference and involving central moment relaxation based on MRT. Due to the locality of the computational steps, these models maintain intrinsic parallelization properties enabling solution of large problems involving flows with heat transfer. Furthermore, the use of the cascaded central moment formulation would result in greater numerical stability to simulate 3D thermal convective flows. In this DDF approach, the cascaded LB scheme for the 3D fluid motion representing the solution of the Navier-Stokes equations (NSE) is based on a previous work. On the other hand, a new cascaded LB formulation for the solution of the 3D thermal transport equation represented by the CDE will be derived and investigated in this work. Here, it may be pointed out that the structure of the 3D cascaded collision operators to represent the CDE will be seen to be very different from that corresponding to the solution of the NSE using the same lattice. Such differences in the expressions for the collision kernels arise due to the number of collision invariants being different between solving the NSE (mass and momentum components, i.e. 1+3) and the CDE (scalar field, i.e. 1). In addition, in order to maintain generality of our 3D cascaded LB scheme, we consider representation of a local heat source in the CDE via a source term in the velocity space using a variable transformation. We will discuss derivations of the 3D cascaded LBE for the CDE representing the 3D thermal transport equations using both three-dimensional, fifteen velocity (D3Q15) lattice and its subset, viz., the three-dimensional, seven velocity (D3Q7) lattice. Finally, we present a quantitative validation of our 3D cascaded LB model for thermal convective flow by considering the simulation of 3D natural convection in a cubic cavity, which is a classical benchmark problem in this regard [33, 34, 35] . In particular, we will compare the structure of the velocity and temperature fields, as well as the heat transfer coefficient given in terms of the Nusselt number for different Rayleigh numbers, against the 3D benchmark solutions. This paper is organized as follows. In the next section (Sec.2), we present the derivation of the 3D cascaded LBM for CDE representing the transport of the temperature field using the D3Q15 lattice following a brief exposition of the corresponding model for fluid flow. Section 3 presents the results and discussion of a numerical validation study involving the natural convection in a cubic enclosure containing air at different Rayleigh numbers. Finally, Sec. 4 provides a summary and conclusions arising from this work. In addition, the results of the derivation of the 3D cascaded LBM for CDE using a D3Q7 lattice are presented in Appendix C.
Three-dimensional Cascaded LBE for Thermal Convective Flows using D3Q15 Lattice
A DDF-based cascaded LBM for the computation of the coupled fluid motion with a scalar temperature field will now be constructed. Here, a distribution function f α , whose evolution is represented by a cascaded LB formulation for the solution of the Navier-Stokes equations (NSE), will be considered along with a separate distribution function g α , whose dynamics is represented by another cascaded LB scheme for the convection-diffusion equation (CDE) of the scalar field. To maintain generality, the fluid motion, i.e. velocity u, is considered to be influenced by a spatially/temporally varying body force F and the scalar φ (such as the temperature T ) by a local heat source R. We will derive the cascaded LB formulations for the typical lattice in 3D, i.e. the three-dimensional, fifteen velocity (D3Q15) lattice.
3D Cascaded LB Model for Fluid Flow
Our goal is to first solve for the flow field represented by the 3D NSE given by
where ρ = ρ(x, t) and u(x, t) are the local fluid density and velocity, respectively, at a location x = (x, y, z) and time t. Here, P, Π v and F represent the pressure, viscous stress tensor, and a local body force, respectively. It is assumed that
. The 3D central moment LBM for the solution of Eqs. (1a) and (1b), including a local source term S α in the velocity space for the D3Q15 lattice is presented in [36] as an extension of the cascaded LB model derived by [9] .
A trapezoidal rule is considered in the characteristic integration of the source term to maintain second order accuracy, and then a variable transformation
S α is introduced to remove implicitness. Here, α = 0, 1, . . . , 14. Briefly, the 3D cascaded LBM for fluid flow with a body force may then be written as [36] 
Here, Eqs. 
3D Cascaded LB Model for Transport of Temperature Field
We now present a derivation of a 3D cascaded LBM on a D3Q15 lattice for the transport of any generic scalar field φ (such as temperature, i.e. φ = T ), which satisfies the following CDE:
where The components of the particle velocity for the D3Q15 lattice can be written
and a corresponding unit vector may be represented by
Here, we have used the notations ·| and |· to represent the row and the column vectors respectively, † is the transpose operator, and the operation a|b represents the dot product of any two vectors a and b. By applying the Gram-Schmidt orthogonalization method on the above set,
we can obtain the corresponding set of orthogonal basis vectors, which are grouped together into the following collision matrix K as
where 
Then, we define the continuous central moments of equilibria needed in the construction of the cascaded collision kernel for the 3D CDE as follows:
where g eq is the equilibrium distribution function in the continuous velocity space (ξ x , ξ y , ξ z ) for the scalar field φ, which is given by g eq ≡ g eq (φ, u, ξ) = φ 2πc
Here c sφ is a free parameter, which will be related to the desired coefficient of diffusivity D φ later. Typically, we set c Here, and henceforth, the use of hat over a symbol represents any quantity in the moment space. Similarly, the continuous central moments due to source term R in Eq. (4) may be defined as
where ∆g R is the change in the distribution for the scalar field due to the source term. As the source term R can only effect the lowest, i.e. zeroth central moment, the component of Eq. (10) maybe written as
The cascaded LBE representing the transport of the 3D CDE can be obtained by applying a trapezoidal rule for the treatment of the source term in the characteristic integration to maintain a second order accuracy. Thus, we have
where S φ α is the source term in the velocity space that effectively accounts for the term R(x, t) in the macroscopic CDE. In the above equation, the collision term Ω g α (x, t) can be modeled by
where
† is the vector of the distribution function in Eq. (12),
† is the vector of the unknown collision kernel which will be determined later. For removing the implicitness, while maintaining a second-order accuracy, by applying a variable transformation [37] ,
in Eq. (12), we obtain
This 3D central moment LBE may be rewritten in terms of the following collision and streaming steps for the purpose of implementation as
where the symbol ∼ in the above represents the post collision distribution function. In order to construct the structure of the cascaded collision and the source terms for representing the 3D CDE, we first define the following set of discrete central moments as 
Since the calculations are effectively carried out in term of various raw moments, we define the following set of the raw moments at different orders as
φ x m y n z p , and the use of primes over any symbol here and henceforth refer to raw moments. From the above, we first determine the expressions for the source terms in the velocity space in Eq. (14) . In this regard, as an intermediate step, by applying the binomial theorem on Eq. (18), we obtain the discrete raw moments of the source terms at different orders aŝ
Next, from this, we obtain the source terms projected to the orthogonal basis
Finally, by inverting the above, i.e. S φ = K −1 · m s,φ , and exploiting the orthogonality of K, we can determine the explicit expressions for the source terms in the velocity space S φ α , which are listed in Appendix B. In order to construct the collision kernel h for the 3D cascaded collision operator for the scalar field φ, we need the raw moments of the collision kernel of different orders, i.e.
n αy e p αz . Using the orthogonality property of K, and considering that the only conserved invariant of this 3D cascaded LBE is the scalar field φ corresponding to the zeroth moment (i.e. h 0 = 0), we get At this point, it is important to highlight the significant difference in the derivation of the cascaded LBE for the fluid velocity u (given in Appendix A) and that for the scalar field φ considered here. In the case of the fluid flow, the mass and momentum components are the conserved variables for collision, and hence its corresponding collision kernel components will be zero, i.e.
However, in the present case, only the zeroth moment, i.e. the passive scalar field is the conserved moment during collision. Hence,
Due to these differences, it will be evident in the following that the expressions for the cascaded collision operator for the scalar field φ are quite different from those for the fluid velocity u given in Appendix A.
Finally based on the above, we determine the structure of the 3D cascaded collision operator for the scalar field φ satisfying the CDE as follows: Beginning first at the lowest order non-conserved post-collision central moments, i.e.
those for the first order moment components here, we set them equal to their corresponding equilibrium states as an intermediate step. When the tentative expression for a particular collision kernel component h α (α 1) is obtained in this manner, we discard the equilibrium assumption and multiply it by a cor-responding relaxation parameter ω φ α . This step allows for a relaxation process in terms of the central moments to represent the effect of collision in the 3D cascaded LBM [9, 36] 
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Here, the relaxation parameters ω φ α , where α = 1, 2, · · · 14, satisfy the usual bounds 0 < ω φ α < 2. The above cascaded collision kernel represents the 3D convection-diffusion equation for any scalar field φ (such as temperature) with a source term, where the coefficient of diffusivity D φ is related to the relaxation times of the first order moments by
The remaining relaxation parameters for the higher order moments influence numerical stability and can be tuned independently. In this work, we set them to unity. Notice that the structure of the collision kernel of the 3D cascaded LBE for the scalar field φ is markedly different from that for the fluid flow (see Appendix A). In particular, the "cascaded" structure for the scalar field starts from the second order moment components onward, while that for the fluid flow begins from the third order moments owing to the differences in the number of collision invariants as mentioned earlier.
Finally, by expanding the elements of the product (K · h) α in Eq. (13) and using it in Eq. (15a), the post-collision distribution functions in the velocity space, i.e. g α are given by
Upon performing the streaming step as given in Eq. (15b), using the above updated distribution functionḡ α , the scalar field φ can be finally computed as
For completeness, a simplified 3D cascaded LB formulation for the D3Q7 lattice is also presented in Appendix C.
Results and Discussion
A main objective of this section is to validate the new 3D thermal cascaded 
where β is the coefficient of thermal expansion, T = T (x, y, z, t) is the local x y z TL TH g 
∂T ∂ n = 0 for all other walls (29) where n is the wall normal direction. The standard half-way bounce back scheme is employed to implement the velocity boundary condition, and an antibounce back scheme is used to represent the Dirichlet boundary conditions for the scalar temperature field [26] and the Neumann boundary conditions are implemented using the scheme given in [39] . The characteristic dimensionless
Rayleigh number Ra and the Prandtl number Pr for this problem are given by
where ∂T (x, y) ∂y
In the following, we will consider simulations of natural convection of air (Pr = 0.71) at different values of the Rayleigh number Ra. We will use the 3D cascaded LBM based on the D3Q15 lattice in this regard, and using a grid resolution of 91 × 91 × 91. appear in the thin regions in the vicinity of the isothermal wall surfaces and more uniform distributions near the adiabatic wall surfaces.
In addition, in order to provide a quantitatively study of the numerical results, we compare the following main flow and thermal characteristics of natural convection in a cubic cavity in the symmetry plane (x = 0.5) at Ra = 10 3 , 10 4 and 10 5 computed using our 3D thermal cascaded LBM with the reference benchmark numerical solution [33] : The maximum horizontal velocity u max and its coordinate location (y, x), the maximum vertical velocity w max and its coordinate location (y, x); the maximum and minimum Nusselt numbers (Nu max and Nu min ) and their location, and, finally, the average Nusselt number Nu mean .
The computed results and the benchmark solutions of these quantities are presented in Table 1 . It can be seen that the DDF-based 3D thermal cascaded LBM results and the benchmark solutions [33] are in very good quantitative agreement. âĂŃ 
x m y n z p . The specific expressions for raw moments of the source termσ x m y n z p as well as the corresponding source terms in the velocity space S α representing the effect of a body force are presented in [36] .
Using the notationη x m y n z p =κ x m y n z p +σ x m y n z p and by prescribing a central moment relaxation at different orders for the D3Q15 lattice, the structure of the collision kernel components for g can be expressed as (see [36] for details)
x g 10 + 2u y g 11 ,(A.13)
Then, after performing the streaming step as given in Eq. (2b), we get the updated distribution function from which the velocity field u can be computed as shown in Eq. (3). (C.7)
